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Entanglement of a two-atom system driven by the quantum vacuum in arbitrary
cavity size
G. Flores-Hidalgo∗
Instituto de Física e Química, Universidade Federal de Itajubá, 37500-903, Itajubá, MG, Brazil.
M. Rojas† and Onofre Rojas‡
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We study the dynamical entanglement of two identical atoms interacting with a quantum field. As
a simplified model for this physical system we consider two harmonic oscillators linearly coupled to
a massless scalar field in the dressed coordinates and states approach and enclose the whole system
inside a spherical cavity of radius R. Through a quantity called concurrence, the entanglement
evolution for the two-atom system will be discussed, for a range of initial states composed of a
superposition of atomic states. Our results reveals how the concurrence of the two atoms behaves
through the time evolution, for arbitrary cavity size and for arbitrary coupling constant, weak,
intermediate or strong. All our computations are exact and only the final step is numerical. These
numerical solutions give us fascinating results for the concurrence, such as quasi-random fluctuations,
with a resemblance of periodicity. Another interesting result we found is when the system is initially
maximally entangled (disentangled), after the time t = 2R, the system becomes again strongly
entangled (disentangled) particularly during the first oscillations, later this phenomenon could be
wrecked depending on the initial condition. We also show the concurrence after a too long time
elapsed with a good precision.
PACS: 03.67.Mn, 03.67.Bg
I. INTRODUCTION
Entanglement is one of the most exciting topics in
quantum mechanics, due it’s unusual property of non-
locality, which has been considering as a key source
in quantum information processing. During the past
decade, due the rapid development of the experimen-
tal process in quantum control, there has been a rapidly
growing interest in entanglement generation. There are
potential applications in nearly all quantum communi-
cation and computation protocols [1], such as quantum
teleportation [2, 3], quantum secure direct communica-
tion [4], quantum computation [5, 6] among others.
One of the simplest schemes in which entanglement can
be generated is a system containing a couple of two-level
atoms. In 90 decade, two-atom entangled states have
already been demonstrated experimentally using ultra
cold trap ions [7, 8] and cavity quantum electrodynamics
(QED) schemes [9]. It has been showed that entangled
states can be generated in a two-atom system by a con-
tinuous driving of the atoms with a coherent or chaotic
thermal field [10, 11], or by a pulse excitation followed
by a continuous radiative decay [12–14]. In order to con-
front the experimental results, several theoretical studies
have been considered for the preparation of a two-atom
system in an entangled state. In references [16, 17] the
entanglement of two atoms by spontaneous emission for
a model that includes dipole-dipole interaction between
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the atoms have been discussed. The authors studied both
numerically and analytically the concurrence and nega-
tivity for such a system. Also, in reference [18] the au-
thors discussed numerical solutions for the concurrence
in a system of two atoms driven by a laser field.
In this work, we study the entanglement of a two-atom
system driven by the quantum vacuum field, the whole
system enclosed inside a spherical cavity of radius R. As
simplified model of the atoms we consider each one as
single harmonic oscillator and the radiation field is taken
as a massless scalar field. In order to give physical sense
to our model we will work in the dressed coordinates
and dressed states approach, that were introduced some
time ago in references [19–21], in analogy with the renor-
malized fields in quantum field theory. Such dressed co-
ordinates and states have been defined in the physical
context of an atom, approximated by an harmonic oscil-
lator, linearly coupled to a scalar field and confined in a
spherical cavity of radius R. In terms of dressed coordi-
nates, dressed states have been defined as the physically
measurable states. The dressed states having the phys-
ical correct property of stability of the oscillator (atom)
ground state in the absence of field quanta (the quan-
tum vacuum). For a clear explanation see reference [25].
Also, the formalism showed to have the technical advan-
tage of allowing exact computation of the probabilities
associated with the different oscillator (atom) radiation
processes [26]. For example, it has been obtained eas-
ily the probability of the atom to decay spontaneously
from the first excited state to the ground state for ar-
bitrary coupling constant, weak or strong and for arbi-
trary cavity size. For weak coupling constant in the limit
R → ∞, that corresponds to free space, the old know
result: e−Γt, has been obtained [19]. Also, considering
2a cavity of sufficiently small radius [20], the method ac-
counted for the experimentally observed inhibition of the
spontaneous decaying processes of the atom [22, 23]. In
references [24, 25] the concept of dressed coordinates and
states have been extended to the case in which nonlinear
interactions between the oscillator and the field modes
are taken into account. Furthermore, in [27] the oscilla-
tor electromagnetic field interaction has been considered
and in reference [28] dressed coordinates and states have
been introduced in the path integral formalism.
This work is organized as follow. In section II we de-
scribe the model of the two atoms coupled to a massless
scalar field, find the eigenvalues and eigenfunctions of the
system and define the dressed coordinates and states. In
section III we compute some probability amplitudes, that
will be useful for further study of the entanglement of the
two-atom system inside the spherical cavity. In section
IV we discuss the entanglement of the two-atom system
through the quantitity called of concurrence, illustrat-
ing the behaviour of this quantity as a funtion of time,
coupling constant and cavity radius. Finally, in section
V we give our conclusions. We consider natural units
h¯ = c = 1.
II. THE MODEL
Let us consider two identical atoms inside a cavity lin-
early coupled to a massless scalar field. Roughly approx-
imating the atoms by two harmonic oscillators of fre-
quency ω0, the system can be described by the following
Hamiltonian,
H = 12 (p
2
A + ω
2
0q
2
A) +
1
2 (p
2
B + ω
2
0q
2
B) +
1
2
N∑
k=1
(p2k + ω
2
kq
2
k)+
+ 1√
2
N∑
k=1
ckqk(qA + qB) +
N∑
k=1
c2k
4ωk
(qA + qB)
2, (1)
where the coordinates and momenta qA, pA and qB , pB
correspond to the atoms A and B respectively, ωk is the
frequency of the field modes and ck the coupling constant
of the atoms with the scalar field . The coordinates and
momenta qk and pk are related to the field modes of fre-
quencies ωk. The last term in Eq. (1) is introduced to
guarantee the positiveness of the Hamiltonian and can be
understood as a renormalization frequency for the parti-
cles oscillators [30]. At the end of the calculation, we will
take N → ∞. Also ωk = pik/R, k = {0, 1, 2, ...}, where
R, is the radius in which the whole system is confined.
Surely, we can recover the free space case taking the limit
R→∞.
The model Hamiltonian given by Eq. (1) has been
introduced in Ref. [31] and used to study the entan-
glement between two single harmonics oscillators in Ref.
[32]. Here we re-derive above Hamiltonian by consider-
ing two identical harmonic oscillator located at positions
rA and rB, interacting with a massless scalar field, the
whole system inside a spherical cavity or radius R. The
Lagrangian of the system is
L =
1
2
(q˙2A − ω20q2A) +
1
2
(q˙2B − ω20q2B)+
+
1
2
ˆ
d3r
((
∂φ
∂t
)2
− (∇φ)2
)
+
−√g
ˆ
d3rφ(r, t)
(
δ(r− rA)qA+δ(r− rB)qB
)
, (2)
where the coupling constant is written in such a way that
g has dimension of frequency. Note that the two har-
monic oscillators oscillate in another abstract space than
spatial ℜ3. The coordinates qA and qB must be viewed as
coordinates representing all the relevant internal degrees
of freedom of the subsystems A and B. We are also con-
sidering unit mass for the particle oscillators. For other
masses the Lagrangian can be transformed into Eq. (2),
through a scale coordinate transformation. Now, suppose
that the particle oscillators (atoms) are located nearly at
the center of the cavity, this means that rA ≈ rB ≈ 0.
Therefore, the Lagrangian becomes
L =
1
2
(q˙2A − ω20q2A) +
1
2
(q˙2B − ω20q2B) +
+
1
2
ˆ
d3r
((
∂φ
∂t
)2
− (∇φ)2
)
+
−√g φ(0, t) (qA + qB) . (3)
Expanding the field φ(r, t) as
φ(r, t) =
∑
k
qk(t)uk(r) , (4)
where {uk(r)} is a complete orthonormal set of solutions
of the equation,
−∇2uk(r) = ω2kuk(r), uk(R) = 0 , (5)
where we are imposing Dirichlet boundary conditions for
the field, φ(R, t) = 0. Replacing (4) in (3), using Eq. (5)
and orthonormality property, we get
L =
1
2
(q˙2A − ω20q2A) +
1
2
(q˙2B − ω20q2B) +
1
2
∑
k
(
q˙2k − ω2kq2k
)
−√g
∑
k
uk(0)qk (qA + qB) . (6)
From above equation we can note that the field modes
interacting with the particle oscillators are such that
uk(0) 6= 0. Solving Eq. (5), it can be showed that such
solutions are the spherically symmetric ones, i.e,
uk(r) =
sin(ωkr)
r
√
2piR
, (7)
where
ωk =
pik
R
, k = 1, 2, 3, ..., N →∞. (8)
3Using Eq. (7), we get
uk(0) =
ωk√
2piR
. (9)
Substituting Eq. (9) in Eq. (6), we obtain
L =
1
2
(q˙2A − ω20q2A) +
1
2
(q˙2B − ω20q2B) +
1
2
∑
k
(
q˙2k − ω2kq2k
)
−√g
∑
k
uk(0)qk (qA + qB) . (10)
From which, it is not difficult to obtain the Hamiltonian
(1), with ck given by
ck =
ωk
pi
√
2
√
g∆ωk, ∆ωk =
pi
R
. (11)
In order to diagonalize the Hamiltonian (1), we intro-
duce the relative and the center of mass coordinates q−
and q0, respectively and given by
q− = 1√2 (qA − qB), q0 =
1√
2
(qA + qB). (12)
Substituting the above relations in Eq. (1), we have
H =12 (p
2
− + ω
2
0q
2
−) +
1
2 (p
2
0 + ω
2
0q
2
0) +
1
2
N∑
k=1
(p2k + ω
2
kq
2
k)+
+
N∑
k=1
ckqkq0 +
N∑
k=1
c2k
2ωk
q20 . (13)
Note that in the Hamiltonian (13), the relative coor-
dinate q− is decoupled, thus, one can diagonalize the
Hamiltonian ignoring the first term. For this purpose,
we introduce, the collective coordinates and momenta,
Qr and Pr , given by
qµ =
∑
r
trµQr, pµ =
∑
r
trµPr, (14)
where µ = 0, k, and trµ is given by
trk =
ck
ω2
k
−Ω2r t
r
0, t
r
0 =
(
1 +
N∑
k=1
c2k
(ω2
k
−Ω2r)2
)− 1
2
, (15)
It is worth to mention that the matrix {trµ} is orthogonal
and satisfy the following relations∑
µ
trµt
s
µ = δrs, and
∑
r
trµt
r
ν = δµν . (16)
The Hamiltonian (13) can be rewritten in collective co-
ordinates, which simply reduce to
H = 12 (p
2
− + ω
2
0q
2
−) +
1
2
∑
r
(P 2r +Ω
2
rQ
2
r), (17)
where the normal frequencies Ωr are the solutions of the
equation
ω20 − Ω2r =
N∑
k=1
c2kΩ
2
r
ω2k(ω
2
k − Ω2r)
. (18)
Now, we are ready to write the eigenfunctions and energy
eigenvalues of the system. The eigenfunctions are given
by
φn−,n0,n1,..(q−, Q) = φn−(q−)
∏
r=0
φnr (Qr), (19)
where φn−(q−), φnr (Qr) are one dimensional harmonic
oscillator eigenfunctions of frequencies ω0 and Ωr respec-
tively. Whereas the corresponding energy eigenvalues
are,
En−,n0,n1,... =
(
n− + 12
)
ω0 +
∑
r=0
(
nr +
1
2
)
Ωr, (20)
where n−, nr = {0, 1, 2, ...}.
A. Dressed coordinates and states
In what follows, we introduce the dressed coordinates
q′A, q
′
B and q
′
k, for the atoms A, B and field modes re-
spectively. In terms of this coordinates, we define the
dressed states as follows
ψnA,nB ,nk(q
′) = ψnA(q
′
A)ψnB (q
′
B)
∏
k=1
ψnk(q
′
k) , (21)
where ψnA(q
′
A), ψnB (q
′
B) and ψnk(q
′
k) are one dimen-
sional harmonic oscillators eigenfunctions, with frequen-
cies ωA = ω0, ωB = ω0 and ωk, respectively. We define
such dressed states as the physically realizable states.
The dressed state as given by Eq. (21) represent the
state in which the atom A is in the energy level nA, the
atom B is in the energy level nB and there are nk field
quanta of frequencies ωk. In general, the dressed states
defined above are unstable states, because interaction,
such states could decay into other measurable states. For
example, the state ψ1,0,0,..,0(q
′) in which the atom A is in
its first excited level could decay to its ground state by
emission of field quanta or due to the absortion of energy
by the atom B. In this case, the final possible states are
the dressed ones ψ0,0,..0,1k,0,..0(q
′) or ψ0,1,0,...,0(q′).
On the other hand, the dresed ground state ψ0,0,0...(q
′)
that describes the two atoms in the ground state and
no field quanta, must be stable, according experimen-
tal facts. The last one allow us to give an analytical
expression for the dressed coordinates q′A, q
′
B and q
′
k in
terms of collective coordinates or in terms of the bare
ones. The stability requires that the dressed ground state
ψ0,0,...,0(q
′) must be one of the energy eigenfunctions of
the Hamiltonian (17), and it is natural to associate it with
4the ground state of the system, φ0,0,...,0(q−, Q). Thus, we
can obtain the dressed coordinates from
ψ0,0,...,0(q
′) ∝ φ0,0,...,0(q−, Q). (22)
The ground state of the system and the dressed ground
state are given respectively by
φ0,0,...,0(q−, Q) ∝ e
− 12
(
ω0q
2
−
+
∑
r
ΩrQ
2
r
)
. (23)
and
ψ0,0,...,0(q
′) ∝ e−
1
2
(
ω0q
′
A
2+ω0q
′
B
2+
∑
k=1
ωkq
′
k
2
)
. (24)
In order to find the relation between dressed and collec-
tive coordinates, let us define the dressed relative coordi-
nate q′− and dressed center of mass coordinate q
′
0, in the
same way as for the bare ones (12), we have
q′− =
1√
2
(q′A − q′B), q′0 = 1√2 (q
′
A + q
′
B). (25)
Substituting in terms of relative and center of mass
dressed coordinates, the dressed ground state (24), be-
comes,
ψ0,0,...,0(q
′) ∝ e
− 1
2
(
ω0q
′
−
2+ω0q
′
0
2+
∑
k=1
ωkq
′
k
2
)
. (26)
Using Eqs. (23) and (26) in (22) we have,
q′− = q−, q
′
µ =
∑
r=0
√
Ωr
ωµ
trµQr, µ = 0, k, (27)
where we have considered the property given by Eq. (16).
Finally, using Eq. (25) in (27), we are able to write the
dressed coordinates for the two atoms and field modes,
q′A =
1√
2
(∑
r=0
√
Ωr
ω0
tr0Qr + q−
)
, (28)
q′B =
1√
2
(∑
r=0
√
Ωr
ω0
tr0Qr − q−
)
, (29)
q′k =
∑
r=0
√
Ωr
ωk
trk Qr. (30)
As will be shown in the following section, the above rela-
tionships will be of fundamental value to perform quan-
tum mechanical calculations.
III. PROBABILITY AMPLITUDES
In this section, we obtain the different probability am-
plitudes between the dressed states introduced in the last
section. These quantities will give us the probability of
transitions between the different atom-atom-field states.
Suppose that at time t = 0, the state of the system is
given by ψnA,nB ,n1,...(q
′), where the atom A is in the en-
ergy level nA, the atom B is in the energy level nB and
there are nk field quanta of frequencies ωk, k = {1, 2, ...}.
We want to obtain the probability amplitude to find the
system at time t in the state ψmA,mB ,m1,...(q
′) , i.e, the
state in which the atom A is in the energy level mA,
the atom B is in the energy level mB, and there are mk
field quanta of frequencies ωk. Denoting such probability
amplitude by AmA,mB ,m1,...nA,nB,n1,... (t), we have,
AmA,mB,m1,...nA,nB ,n1,...(t)=d〈mA,mB,m1, ...|e−iHˆt|nA,nB,n1, ...〉d,
(31)
where the dressed kets |nA, nB, n1, ...〉d are such that,
ψnA,nB ,n1,...(q
′) = 〈q′A, q′B, q′1, ...|nA, nB, n1, ...〉d.
For further use, we will focus only on the probability
amplitudes between low-level energy atomic states. Let
us consider, for example, that at time t = 0 the atom A
is in the first excited level, atom B is on the ground state
and there are no field quanta. In this case the state of
the system is given by
ψ1,0,0,...,0(q
′) = ψ0,0,0,..(q′)H1 (
√
ω0q
′
A) . (32)
Rewriting the above eigenfunction, in terms of collective
coordinates, using ψ0,0,...,0(q
′) = φ0,0,...,0(q−, Q), Eqs.
(28) and (19), we have
ψ1,0,0,..,0(q
′) =
1√
2
(
φ1,0,0,...,0 +
∑
r=0
tr0φ0,..,0,1r,0,..,0
)
.
(33)
At time t, this state will evolve to,
ψ1,0,0,..,0(q
′, t) =
e−iE0t√
2
(
e−iω0tφ1,0,0,..,0+
+
∑
r=0
tr0e
−iΩrtφ0,..,0,1r,0,..,0
)
, (34)
with E0 = (ω0 +
∑
r Ωr)/2, the ground state energy of
the total system.
Now, we can easily calculate the different probability
amplitudes associated with the different possible transi-
tions. We can perform the probability amplitudes with
these different possibilities as fallows. The probability
amplitude to find the state ψ1,0,0,...,0, to remain in the
initial state, is obtained by
A1,0,0,..1,0,0,...(t) =
ˆ
dQdq−ψ∗1,0,0,...,0(q
′)ψ1,0,0...,0(q′, t)
=
e−iE0t
2
(
e−iω0t + f00(t)
)
(35)
where,
f00(t) =
∑
r=0
(tr0)
2e−iΩrt . (36)
In order to compute the probability amplitude that the
atom A decays into its ground state and the atom B
jump from its ground state to its first excited level, we
5write such final possible state, ψ0,1,0,...,0(q
′), in terms of
collective coordinates,
ψ0,1,0,..,0(q
′) =
1√
2
(∑
r=0
tr0φ0,..,0,1r,0,..,0−φ1,0,0,..,0
)
, (37)
and taking the scalar product with (34) we have,
A0,1,0,...1,0,0,...(t) =
e−iE0t
2
(
f00(t)− e−iω0t
)
. (38)
In a similar way, considering ψ0,...,0,1k,0,...,0(q
′), the state
in which the two atoms are in the ground state and there
is a field quanta of frequency ωk, could be expressed it in
terms of collective coordinates as follow,
ψ0,..,0,1k,0,...,0(q
′) =
∑
r=0
trkφ0,...,0,1r,0... (39)
and taking the scalar product with (34) we find the prob-
ability amplitude for atom A to decay from its first ex-
cited level by emission of a field quanta of frequency ωk,
A0,0,..,0,1k,0,..1,0,0,... (t) =
e−iE0t√
2
f0k(t) , (40)
where
f0k(t) =
∑
r=0
tr0t
r
ke
−iΩrt . (41)
The states ψ1,0,0,...,0(q
′), ψ0,1,0,...,0(q′) and
ψ0,...,0,1k,0,...,0(q
′) are the only possible ones in which
the initial state ψ1,0,0,...,0(q
′) can be found at time t. To
show this one, we take the probabilities |A1,0,0,...1,0,0,...(t)|2,
|A0,1,0,...1,0,0,...(t)|2 and |A0,..,0,1k,0,..1,0,0,... (t)|2, using the eqs. (35),
(38), (40) and (16), we find the following relation
|A1,0,0,...1,0,0,...(t)|2 + |A0,1,0,...1,0,0,...(t)|2 +
∑
k=1
|A0,..,0,1k,0,..1,0,0,... (t)|2 = 1,
(42)
that shows our assertion. Note that in (42), the summa-
tion was performed over all possible frequencies since the
emitted field quanta could be of any arbitrary frequency.
Now, considering as the initial state ψ0,1,0,,...,0(q
′), the
state in which the atom B is in its first excited level,
while the atom A is in its ground state, and there are no
field quanta, we can find, in similar way as above, all the
probability amplitudes related to such initial state. Be-
cause atomsA and B are identical, the state of the system
can be found at time t in one of the states, ψ1,0,0,...,0(q
′),
ψ0,1,0,...,0(q
′) or ψ0,..,0,1k,0,...,0(q
′). We find respectively
for each one of these possible states,
A1,0,0,...0,1,0,...(t) = A0,1,0...1,0,0,...(t) ,
A0,1,0,...0,1,0,...(t) = A1,0,0...1,0,0,...(t) ,
A0,...,0,1k,0...0,1,0,... (t) = A0,...,0,1k,0...1,0,0,... (t) . (43)
In order to shorten the notation for the dressed states,
ψ1,0,0,...,0(q
′), ψ0,1,0,...,0(q′) and ψ0,0,..,0,1k,0,...,0(q
′), we
can write the dressed states using Dirac nota-
tion, respectively by |1, 0, 0, ...〉d, |0, 1, 0, ...〉d and
|0, 0, ..., 0, 1k, 0, ...〉d. Now, using the results obtained
above, we can write the dressed states |1, 0, 0, ...〉d and
|0, 1, 0, ...〉d, at time t, respectively as
|1, 0, 0, ...; t〉d =
∑
k=1
A0,...,0,1k,0...1,0,0,... (t)|0, 0, ..., 0, 1k, 0, ..〉d+
+A1,0,0,...1,0,0,...(t)|1, 0, 0, ...〉d
+A0,1,0...1,0,0,...(t)|0, 1, 0, ...〉d, (44)
and
|0, 1, 0, ...; t〉d =
∑
k=1
A0,...,0,1k,0...0,1,0,... (t)|0, 0, ..., 0, 1k, 0, ..〉d
+A0,1,0,...0,1,0,...(t)|0, 1, 0, ...〉d
+A1,0,0...0,1,0,...(t)|1, 0, 0, ...〉d. (45)
In next section, when we consider the dynamics of the
entanglement of specific atomic states, we will use the
above time dependent dressed states.
From expressions given by Eqs. (35), (38) and (40), we
note that to obtain the time evolution of vector states, as
given by Eqs. (44) and (45), we have to compute the co-
efficients fµν , Eqs. (36) and (41). It is a formidable task
since before we have to compute the coefficients trµ and
collective frequencies Ωr, given by Eqs. (15) and (18).
For limiting cases of large (infinite) cavity and very small
cavity one can obtain analytical results for f00 and f0k.
Nevertheless, for intermediate cavity size, finding f00 and
f0k, becomes a cumbersome task. Then, for intermedi-
ate cavity size we have resort to numerical computations.
For this purpose Eq. (18) is expressed as [19],
cot(RΩr) =
Ωr
pig
+
1
RΩr
(
1− Rω
2
0
pig
)
. (46)
This transcendental equation can be solved numerically
for the collective frequencies Ωr and using the numerical
solutions we can find (tr0)
2, the term of Eq. (36), which
can be recast in the form,
(tr0)
2 =
η2Ω2r
(Ω2r − ω0)2 + η
2
2 (3Ω
2
r − ω20) + pi2g2Ω2r
, (47)
where η =
√
2g∆ωk. Finally, the infinite sum that ap-
pears in (36) or (41) can be done numerically, by noting
that for large Ωr, the coefficient (t
r
0)
2 approaches zero as
1/(Ωr)
2.
IV. ENTANGLEMENT OF TWO-ATOM
SYSTEM DRIVEN BY QUANTUM FIELD
Once we know the time evolution of vector states , we
can construct the time dependent reduced density oper-
ator for the two-atoms system considered in last section
6and this will be useful to study the dynamics of the en-
tanglement through the concurrence quantity. Assuming
the state of the system, at time t = 0, is given by an ar-
bitrary linear combination of the states |1, 0, 0, ...〉d and
|0, 1, 0, ...〉d,
|ψ〉d =
√
ξ |1, 0, 0, ...〉d +
√
1− ξ eiφ|0, 1, 0, ...〉d, (48)
where in the first state the atom A is in the first excited
level and in the second state, the atom B is in the first
excited level. Whereas ξ and φ are constant parameters
that fix the initial conditions. Using Eqs. (44), (45), and
(43) we have the time dependent state |ψ, t〉d, given by
|ψ, t〉d =A(t)|1, 0, 0, ...〉d +B(t)|0, 1, 0, ...〉d+
+
∑
k=1
Ck(t)|0, 0, ..., 0, 1k, 0, ...〉d, (49)
where
A(t) =
√
ξA1,0,0,...1,0,0,...(t) +
√
1− ξ eiφA0,1,0,...1,0,0,...(t), (50)
B(t) =
√
ξA0,1,0,...1,0,0,...(t) +
√
1− ξ eiφA1,0,0,...1,0,0,...(t), (51)
Ck(t) =
(√
ξ +
√
1− ξeiφ
)
A0,0,...,0,1k,0...1,0,0,... . (52)
The density operator for the state (49) is,
ρˆ(t) = |ψ, t〉d d〈ψ, t| . (53)
Tracing out over all field quanta degrees of freedom in
(53) we have the reduced density matrix for the two-atom
system,
ρˆr(t) =
∑
n1,n2,...=0
d〈n1, n2, ...|ρˆ(t)|n1, n2, ...〉d , (54)
where |n1, n2, ...〉d are states restricted to the sub-space
of the degrees of freedom of the quantum field. Using
(49), the reduced density operator (54) becomes,
ρˆr(t) =E(t)|0, 0〉d d〈0, 0|+
+A(t)B∗(t)|1, 0〉dd〈0, 1|+A∗(t)B(t)|0, 1〉dd〈1, 0|+
+ |A(t)|2|1, 0〉dd〈1, 0|+ |B(t)|2|0, 1〉dd〈0, 1| (55)
with E(t) given by
E(t) =
∑
k=1
|Ck(t)|2
= 1− |A(t)|2 − |B(t)|2 . (56)
where in passing to the second relation, we have
used Eqs. (50)-(52) and (42). In the basis
{|0, 0〉d, |1, 0〉d, |0, 1〉d, |1, 1〉d}, the reduced density ma-
trix is
ρr(t) =


E(t) 0 0 0
0 |A(t)|2 A(t)B∗(t) 0
0 A∗(t)B(t) |B(t)|2 0
0 0 0 0

 . (57)
To measure the entanglement created by the two-atom
system, we use the concurrence as a measure of entan-
glement, which was introduced by Wootters [34]. The
concurrence can be obtained from the reduced density
matrix ρr. Considering the spin-flipped state, R(t) =
ρr(t)σ2 ⊗ σ2ρr(t)∗σ2 ⊗ σ2, and using (57), we have
R(t) = 2


0 0 0 0
0 |A(t)|2|B(t)|2 |A(t)|2A(t)B∗(t) 0
0 |B(t)|2A∗(t)B(t) |A(t)|2|B(t)|2 0
0 0 0 0

 .
(58)
Therefore, the concurrence is defined as C(ρr) =
max{0, λ1− λ2 −λ3 − λ4}, where the λi’s are the square
root of the eigenvalues of matrix (58). After some alge-
braic manipulation, we obtain
C(R, g, t, ξ, φ) = 2|A(t)B(t)| . (59)
The concurrence, as given above, depends throughA(t)
and B(t) of frequency ω0, cavity radius R, coupling con-
stant with the scalar field g, initial conditions ξ and φ,
and certainly depends of time t. Some particular results
can be obtained, such as taking ξ = 1/2 and φ = 0 in
Eq. (48). In this case the initial state
|ψ〉d = 1√
2
(
|1, 0, 0, ...〉d + |0, 1, 0, ...〉d
)
(60)
is a symmetric maximally entangled state. Using Eqs.
(35) and (38) in (50)-(51), in this case the concurrence
(59) reduce to the following expression
C(t, ξ = 1/2, φ = 0) = |f00(t)|2 , (61)
which coincide with the probability of a dressed atom to
remain in its first excited level at time t [19].
Another limiting case can be obtained when taking
as initial state a maximally antisymmetric state, corre-
sponding to ξ = 1/2 and φ = pi in Eq. (48), the concur-
rence simply becomes
C(t, ξ = 1/2, φ = pi) = 1 , (62)
the two-atoms system is maximally entangled through
the time, independent of any cavity parameter, frequency
ω0 or coupling constant g.
On the other hand, if initially we have a disentangled
state, for example ξ = 0, φ = 0 in Eq. (48),
|ψ〉d = |0, 1, 0, ...〉d, (63)
the concurrence becomes
C(t, ξ = 0, φ = 0) = 1
2
∣∣f00(t)2 − e−2iω0t∣∣ . (64)
For above or other initial conditions we can solve the
concurrence either analytically or numerically, depending
if cavity radius is infinite or finite. In this sense, in what
follows we consider first the infinite cavity radius case.
7A. Concurrence in free space, R → ∞.
From Eqs. (59), (50), (51), (35) and (38), we note that
the concurrence, for the two-atom state (48) at time t,
can be expressed through the time dependent coefficient
f00(t). For infinite cavity, R → ∞, the coefficient f00(t)
is given by [19], [29],
f00(t) = 2g
ˆ ∞
0
dx
x2e−ixt
(x2 − ω20)2 + pi2g2x2
. (65)
Therefore, for sufficiently large t→∞, we have f00(t)→
0, thus, the concurrence becomes
C(t→∞) = 1
2
−
√
ξ(1− ξ) cosφ . (66)
From above equation we can note that, for any initial
state of the type given by (48), in general the two-
atom system is never disentangled for large t unless√
ξ(1− ξ) cosφ = 1/2. It is not difficult to see that
above condition is satisfied only if ξ = 0.5 and φ = 0,
i.e, the only initial state of the type (48) that becomes
disentangled for large time t is the symetric state given
by Eq. (60). For this initial state, in Fig. 1-(a), the time
evolution of the concurrence is depicted in solid line for
g = ω0, where concurrence decays almost exponentially
from 1 to 0. For other initial states, the two-atom sys-
tem never disentangle, including an initial non entangled
state as the one given by Eq. (63). In this case, as showed
in Fig. 1-b, solid curve, concurrence increases from 0 to
1/2 according (66).
On the other hand, at time t → ∞ a maximal entan-
gled state is possible if
√
ξ(1− ξ) cosφ = −1/2, a rela-
tion satisfied only if ξ = 1/2 and φ = pi, i.e, if the initial
state is the antisymmetric one for which the system is
maximally entangled all the time, Eq. (62).
Figure 1. (Color online) (a) The time evolution of the concur-
rence for fixed g = ω0, assuming initial state (48) ξ = 0.5, and
for a range of values φ. (b) The time evolution of concurrence
for g = ω0, assuming initial state (48) φ = 0, and for a range
of values ξ. Time is in units of ω−1
0
.
For other initial states and finite time, t, we show in
Fig. 1 the time evolution of the concurrence for coupling
constant g = ω0. In Fig. 1-(a) it is considered four initial
states with common ξ = 0, 5 and φ = 0, pi/6, pi/4, pi/3. In
Fig. 1-(b), it is considered four initial states with fixed
φ = 0 and ξ = 0, 0.1, 0.2, 0.4. In all these cases we note a
non oscillatory behavior of the concurrence as a function
of time and in agreement with Eq. (66), the concurrence
approaches a definite value at t→∞. For other values of
the coupling constant g the qualitative behaviour in time
will be the same. If g > ω0, the assymptotic value of
the concurrence will be reached faster than where g = ω0
and if g < ω0 we will have a contrary effect.
From Fig. 1-(a), we note that for some particular ini-
tial initial states, for example ξ = 0.5, φ = pi/6, the
concurrence approaches zero for finite time t. It is not
difficult to find the condition for a disentangled state at
finite time t. From Eq. (59), concurrence will be zero if
A(t) = 0 or B(t) = 0, and using Eqs. (50) and (51) we
get
(2ξ − 1)(|f00(t)|2 + 1) + 2ℜ
(
f00(t)e
iω0t
)
= 0, (67)
eiφ = ±
√
ξ√
1− ξ
(
f00(t) + e
−iω0t)
(f00(t)− e−iω0t) . (68)
Above equations, valid for arbitrary cavity size, must be
used as follows. Given ξ and φ the concurrence must be
zero at time t, if and only if the pair of Eqs. (67)-(68) are
satisfied simultaneusly. Of course for arbitrary values of ξ
and φ above pair of equations are in general not satisfied
for any time t. For infinity cavity size the function f00(t)
given by Eq. (65) is non oscillating in time, consequently
concurrence could vanish only for some finite values of t
and for very restricted initial conditions. The situation
will be different when we consider in the next subsection a
cavity of finite size, where f00(t) is an oscillating function
of time. In such a case it will be possible C = 0, many
times, consequently we will have death and revival in
time of entanglement for some initial states.
B. Concurrence for finite cavity radius.
Solving numerically the Eq. (46), we can find the con-
currence using the Eq. (59). Therefore, in what follows,
we will illustrate some plots of concurrence for a variety
of situations, as a function of time t.
In Fig. 2, we illustrate the time evolution of concur-
rence, assuming fixed parameter cavity radius, R = ω−10 ,
and initial conditions ξ = 0 and φ = 0, [fully disentangled
condition, see Eqs. (63)- (64)], as a function of time t,
for a range of values of g = {0.01ω0, 0.2ω0, 0.5ω0, ω0, 2ω0}
from top to bottom. In the top of Fig. 2 is illustrated the
time evolution curve for g = 0.01ω0, and one can observe
the curve is some what periodic C ≈ | cos(ω0t)|. In below
the top of Fig. 2, is depicted for g = 0.1ω0, thus, the
periodicity is definitely wrecked, although the curve still
holds some periodic pattern. For the middle (g = 0.5ω0)
and above the below of Fig. 2, for fixed g = ω0, the
periodic curve is strongly modified and becomes almost
a random curve without any periodicity. In bottom of
Fig. 2, is illustrated the curve for g = 2ω0, and the con-
currence fluctuate in time around a constant C = 0.5,
8Figure 2. (Color online) The time evolution of the concurrence
for an initial state (48) ξ = 0 and φ = 0, assuming fixedRω0 =
1, for a range of values of g = {0.01ω0, 0.1ω0, 0.5ω0, ω0, 2ω0},
from top to bottom, respectively. Time is in units of ω−1
0
.
with small short quasi-random oscillations and no peri-
odicity is observed. From these curves, we can conclude
that for fixed cavity radius, the concurrence oscilates for
suficiently weak coupling constant between its minimum
and maximum value, i.e we have a constant revival and
death of entanglement when the two atom-system evolves
in time. When coupling constant is increased, such effect
is suppressed and the concurrece oscillates around its in-
finity cavity value for large t (compare solid line of Fig.
1-(b) with the curve at bottom of Fig. 2).
In Fig. 3, is illustrated the time evolution of the
concurrence in a cavity, for the same initial state (63)
above for fixed g = ω0, but now for variable cavity ra-
dius R. (a) Displays for fixed R = 0.01ω−10 , top curve
shows the time evolution from t = 0...10 (in units of
ω−10 ), below top curve shows after elapsed a long time,
for an interval t = 102...102 + 10, while the bottom
curve shows after elapsed a too long time, for an inter-
val t = 109...109 + 10. We can observe, the concurrence
for small cavity behaves almost periodically, given in the
limiting case by C ≈ | cos(ω0t)| this relation is still valid
even after elapsed a too long time. (b) Displays for fixed
R = 0.1ω−10 , following the same criterion as in Fig. 3-
(a), t = 0..10 (top), t = 102..102 + 10 (below top) and
t = 109..109 + 10 (bottom). Here, we observe the ris-
ing of a high-frequency oscillation with small amplitude,
but the low frequency oscillation still follows a pattern
of periodicity C ≈ | cos(ω0t)|. In Fig. 3-(c) is illustrated
similar to Figs. 3-(a) and 3-(b) for R = 0.5ω−10 . In
this case, the high frequency oscillation is of order of ω0,
that means the combination gives quasi-random oscilla-
Figure 3. (Color online) Concurrence as a function of time,
for an initial state ξ = 0 and φ = 0, and considering fixed
g = ω0. (a) Displays for fixed Rω0 = 0.01, top curves shows
the time evolution from t = 0...10, below top curve shows
after elapsed a long time, for an interval t = 102...102 + 10 ,
while bottom curve shows after elapsed a too long time, for an
interval t = 109...109 + 10. (b) Displays for fixed Rω0 = 0.1,
following same criterion as in (a), for t = 0..10 (top), for t =
10
2..102 +10 (below top) and for t = 109..109 + 10 (bottom).
(c) Similarly to (a) and (b) illustrates for Rω0 = 0.5. (d) For
Rω0 = 1. Time is in units of ω
−1
0
.
tion. For long time one can observe the low frequency
oscillation still remains a pattern of oscillation. We can
also show the behavior of this curve after elapsed a too
long time, and still remains a similar curve compared for
small t. Finally, in Fig. 3-(d), is illustrated for R = ω−10 ,
a cavity large enough compared to the case of Fig. 3-
(a). In this panel we can observe the low energy fre-
quency oscillation is vanished and high-frequency oscil-
lation was also wrecked, after elapsed a short time there
is only some well pronounced peak at t = 2R (the time
necessary for field quanta to go and come back from the
center to the spherical cavity wall), but as soon as the
time evolves these peaks vanishes and after elapsed a too
long time disappear definitely. From the curves of Fig. 3,
we conclude that for sufficiently small cavity radius, the
concurrence oscillates between its minimum C = 0 and
maximum value C = 1, consequelty we will have again a
an almost periodical revival and death of entanglement
for two-atom states. As for large coupling constant, this
behaviour will be suppressed for suficiently large cavity
radius, where concurrence will oscillate around C = 0.5,
according to its R→∞ assymptotic value, Eq. (66).
Considering as initial state the maximally symmetric
9Figure 4. (Color online) (a) Concurrence as a function of
time, for an initial state ξ = 0.5 and φ = 0, and considering
fixed g = ω0, and for Rω0 = 0.2, Rω0 = 1 and Rω0 = 5. (b)
Concurrence as a function of time, for an initial state ξ = 0.5
and φ = pi
5
, for the same parameters of (a). Time and cavity
radius are given in units of ω−1
0
.
state (60), ξ = 0.5, φ = 0 it is illustrated in Fig. 4-(a)
the time evolution of the concurrence, assuming fixed
g = ω0. We considerer R = 0.2ω
−1
0 (red/gray solid
curve), R = ω−10 (blue/black solid line) and R = 5ω
−1
0 .
We note that for suficiently small cavity radius the con-
currence oscillates below its maximum value 1 never de-
creasing appreciably from this value. In this case the ini-
tial maximally entangled state will remain almost maxi-
mally entangled all the time. Note that this behaviour is
dramatically different from the free space case, R → ∞,
where the initial symmetric state is the only one that
becomes disentangled for sufficiently large time. Accord-
ing results above, we expect the same behaviour for suf-
ficiently small coupling constant. When the cavity ra-
dius is increased, the minimum for concurrence decreases,
and the frequency of oscillation in time increases with R.
Agai, we expect the same behaviour for increasing cou-
pling constant g. Finally in Fig. 4-(b), is depicted the
time evolution for the initial state ξ = 0.5, φ = pi/6,
assuming the same parameters as in Fig. 4-(a), where
we observe qualitativelly the same behaviour as in above
case.
V. CONCLUSIONS
In this work, we considered the study of the entangle-
ment of a two-atom system driven by the vacuum quan-
tum field inside a spherical cavity, using the dressed coor-
dinates approach. The time evolution entanglement was
analyzed, for a variety of initial states composed as a su-
perposition of atomic states, Eq. (48). For free space,
R → ∞, we find that concurrence approaches assymp-
totically a fixed value at sufficiently large time. From
this result we concluded that with exception of the ini-
tial symmetric maximally entangled state, ξ = 0.5, φ = 0
all the other states become or remain entangled for suf-
ficiently large time. For the initial state ξ = 0.5, φ = 0
the concurrence decreases, as a function of time, almost
exponentially from its maximum value to zero. Also we
showed that there are very restricted initial states, who
satisfies Eqs. (67)-(68), for which the two-atom state be-
comes untangled for a finite value of time. Anyway, for
large t also those states become or remain entangled.
For finite cavity radius, we found that concurrence in
general behaves almost as a periodic function of time, for
sufficiently small cavity radius or coupling constant. For
the initial disentangled state ξ = 0, φ = 0, the concur-
rence oscilates almost periodically for small cavity radius
or small coupling constant, between C = 0 and C = 1.
When R or g are increased the aforementioned oscilla-
tion is supressed and concurrence approaches its infinity
cavity size value, C = 1/2, see Figs. 2 and 3. On the
other hand for the initial symmetric maximally entangled
state, ξ = 0.5, φ = 0, the concurrence is always close to
C = 1, when the cavity radius or the coupling constant
are sufficiently small and for larger cavity radius or cou-
pling constant, the concurrence decays considerably from
its initial value, leading to a small concurrence at t = 2R,
see Fig. 4-(a).
In general, when the system is initially maximally en-
tangled (disentangled) after a time, proportional to the
cavity radius, had elapsed the system becomes again
strongly entangled (disentangled), particularly during
the first oscillations, later this phenomenon could be
wrecked depending on the initial condition. Another in-
teresting result we found is the behavior of the concur-
rence after too long time in the future, for large (R 6=∞)
cavity size, apparently there is no pattern resembling
some periodicity.
As pointed out earlier, for fre space, R → ∞, there
are some initial entangled states that become disentan-
gled for finite values of time that satisfy Eqs. (67)-(68).
As showed such condition is valid for any cavity radius
and since for finite cavity radius, f00(t) has an almost
periodic behavior for suficiently small cavity or coupling
constant, then we expect and oscillatory behaviour for
concurrence between its initial value and C = 0, i.e, we
will have sudden death and revival for those initial con-
ditions, according to the one found in Ref. [32], at zero
temperature. We have to remark here that althought the
hamiltonian given by Eq. (1) is the same used in Ref.
[32], physically the system we treat here is very different,
since if written in terms of dressed coordinates (that we
take as the physical coordinates) hamiltonian (1) will be
very different to the one of Ref. [32].
Also, independent of the cavity radius or other param-
eters, we found that the initial anti-symmetric maximally
entangled state, corresponding to ξ = 0.5, φ = pi, remains
fully entangled all the time. The reason for this behav-
ior is because such initial state is an eigenfunction of the
total system and consequently remains stable. At this
point we have to mention that a similar result has been
found recently in Ref. [35], where the authors showed
at first order in perturbation theory, that an initial anti-
symmetric two-atom state remains stable when the spa-
tial separation between the atoms is zero.
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We call atention to the fact that in Ref. [36] the au-
thors considered the same model here. However the au-
thors considered the time evolution of a superposition of
dressed states related to the center of mass and relative
coordinates. Here we have defined, dressed coordinates
and states for the atoms A and B, consequently our re-
sults and conclusions are quit different.
In this work we considered the case in which the field
is initially in the vacuum state and this situation is phys-
ically equivalent to one in which the field system is at
zero temperature. Then, all above conclusions are valid
in such situation and our results are similar to the found
in Ref. [32], for T = 0 with one exception below. We
have found in general two phases, suden death and revival
(SDR) and non suden death (NSD) depending on the ini-
tial state, cavity radius and coupling constant. But when
considering as initial state the symmetric maximally en-
tangled one we found sudden death (SD), at large time in
free space, R→∞. A natural extension of this work is to
consider finite temperature effects, where the dynamical
entanglement could show a SD phase for another initial
states and perhaps for finite cavity size. We expect to
report about that elsewhere.
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